Space-filling in kinetically active 3-d network structures, such as polycrystalline solids at high temperatures, is treated using topological methods. The theory developed represents individual network elements-the polyhedral cells or grains-as a set of objects called average N -hedra, where N , the topological class, equals the number of contacting neighbors in the network. Average N -hedra satisfy network topological averages for the dihedral angles and quadrajunction vertex angles, and, most importantly, act as "proxies" for real irregular polyhedral grains with equivalent topology. The analysis provided in this paper describes the energetics and kinetics of grains represented as average N -hedra as a function of their topological class. The new approach provides a quantitative basis for constructing more accurate models of three-dimensional grain growth. As shown, the availability of rigorous mathematical relations for the curvatures, areas, volumes, free energies, and rates of volume change provides precise predictions to test simulations of the behavior 3-d networks, and to guide quantitative experiments on microstructure evolution in three-dimensional polycrystals.
Background and Introduction
The energetics and growth kinetics of polycrystals at high temperatures are important topics regarding microstructure evolution in the solid state. The kinetic foundation for understanding grain growth in two dimensions was established about 50 years ago by C.S. Smith [1] , J. von Neumann [2] , and W.W. Mullins [3] . J. von Neumann proved that a network of two-dimensional cells with uniform mobility, M , and boundary energy, γ gb , obeys the kinetic law
where a is the area of a grain in two dimensions (R 2 ) with n sides or vertices. The von Neumann-Mullins relationship, Eq. 1, or so-called "n − 6 rule", is the growth law for isotropic twodimensional polycrystals. It provides an excellent approximation for the behavior of grains forming networks in thin films, or, in general, the situation where one spatial dimension of a polycrystal is suppressed relative to the other two [4] [5] [6] [7] . The "n−6" rule was known empirically to experimentalists [8, 9] before its mathematical basis was shown by von Neumann. The excess free energy (relative to a single crystal of equivalent volume) of an isotropic two-dimensional assembly of grains of unit thickness, ∆E, is given by the grain boundary free energies summed over the perimeters, P i of the two-dimensional polygonal cells,
2 where γ gb is considered only as a function of the temperature, T . The factor of 1/2 in Eq. 2 accounts for the fact that the summation over the network redundantly counts the grain boundaries twice. Graner et al. [10] showed that the total perimeter of a two-dimensional polycrystal may be written in terms of its grain areas, A i , applying the metric relationship that P i ≈ √ A i , and thus Eq. (1) becomes
where the coefficients of proportionality e(n i ) ≡ P i / √ A i . Graner et al. [10] then analyzed the relationship between the total perimeter and area for regular two-dimensional idealized grains with n i curved sides of equal perimeter, all meeting pairwise at 120 • . Graner et al. found that the proportionality coefficients, e(n) ≡ P/ √ A i , appearing in Eq. 3 varied only slightly with the number of sides, n. Specifically, it was found found that over the entire range of n-values, i.e., 2 ≤ n ≤ ∞, the function e(n) varied from a maximum value of e(2) ≈ 3.78 to a minimum of e(n → ∞) ≈ 3.71. Thus, the energy coefficients for 2-d polycrystals changed less than 2% for all n. Euler proved that any sufficiently large space-filling grain tessellation in R 2 has an average number of sides per grain n → 6 [4] , and so Eq. 3 relates the total free energy of a large network of two-dimensional grains to its total grain area
Later, Vaz and Fortes [11] confirmed that Eq. 4 provides an accurate estimate for the excess free energy of two-dimensional polycrystals. The energetics and kinetics of three-dimensional polycrystals, however, remain under analysis [12] [13] [14] [15] [16] [17] , numerical simulation [18] [19] [20] [21] [22] [23] and experiment [24, 25] . This paper reports on an analysis of idealized "average N -hedra" that may be used to estimate the excess free energy and growth kinetics of annealed polycrystals in R 3 , by direct analogy with Graner et al.'s result, Eq. 3.
Average N -hedra
General. We now describe the features of a set of geometrical objects that we term "average N -hedra" or ANH's. ANH's represent a geometrical generalization, valid for 2 ≤ N ≤ ∞, of the geometrical and topological properties of ordinary, i.e., constructible, uniformly curved regular polyhedra. ANH's have N identical faces, intersecting at 3(N − 2) identical edges that meet three at a time at 2(N − 2) identical trihedral vertices. The vertices are equidistant from the volume centroid of each ANH. Only five constructible examples of ANH's exist [22] : including the cases N = 2, 3, 4, 6, and 12. See examples displayed in Fig. 1 .
The constructibility of the five ANH's portrayed in Fig. 1 (Left) merely depends on the fact that the number of sides per face on these objects,p, is an integer (p ≤ 5). Of course, in general, p is not an integer for ANH's, and irregular network polyhedra, such as shown in Fig. 1 (Right) often consist of faces with a mixed (integer) values of edges that can exceed 6. Nevertheless, the average number of sides per face on any polyhedron is always equal tō
1026 Recrystallization and Grain Growth Unlessp is an integer, however, the ANH is not "constructible", at least in the ordinary sense of being built or sketched as a physical object in R 3 . All other ANH's, excepting the five cases for whichp is an integer, have non-integerp-values, making them all non-constructible geometrical abstractions. As will be shown, however, ANH's can serve as accurate "proxies" for irregular polyhedral grains, providing they have the same number of faces, N . Again, grains in polycrystals consist of space-filling irregular polyhedra, exhibiting curved faces that vary in shape (triangles, quadrilaterals, pentagons, hexagons, etc.), and are bounded by sides of varied lengths. The connection we shall show between irregular grains in a polycrystal and their counterpart ANH's is that they have identical topological (space filling) properties, but the latter are easily analyzed regarding their geometric and energetic properties.
Energetics of 3-d polycrystals
The excess free energy of an isotropic polycrystal in three dimensions is given by
Recently, Cox and Fortes [22] showed by computer simulations that a method similar to that used by Graner et al. [10] for determining the free energy of a 2-d isotropic polycrystal also exists for three dimensions. Specifically, Cox and Fortes showed that the analog of Eq. 3 in R 3 is
where the coefficients e(N ) = V 2 3 /A are the scale-independent metric ratios. Equation 7 is easily evaluated employing elementary expressions derived for ANH's. Indeed, as shown in Materials Science Forum Vols. 467-470 1027 Fig. (2) , e(N ) also varies weakly with N , as shown in [22] . Fig. (2) provides a comparison of the analytic results obtained from Eq. 7 for ANH's with values reported by Cox and Fortes for several polyhedra using simulations with Brakke's surface evolver [18, 19] . The values for e(N ) determined analytically agree well with the simulated values, especially for those cases (N = 3, 4, 6, and 12) where the constructible polyhedra used in the simulations are ANH's. Where these polyhedra are irregular, they still exhibit scaled areas (A/V 2 3 ) that are within about 0.1% of the values for the counterpart ANH. This strongly suggests that ANH's can be used to estimate accurately the free energy of a three dimensional polycrystal. . This scale-independent ratio is proportional to the excess free energy of three-dimensional polyhedra. The surface area ratio e(N ) varies with N within a very narrow range of values. The square symbols are data from computer simulations of the four constructible average ANH's (N = 3, 4, 6 and 12). The crosses are more recent data contributed by S. Cox [26] for other irregular constructible polyhedra. Even these data exhibit values no more than ≈ 0.1% larger than those for the corresponding ANH as determined with the present theory.
DeHoff [27] and others [28] showed that the average number of faces per grain in a threedimensional polycrystal is N ≈ 13.4, corresponding to the "ideal" flat-faced grain. Of course such an "ideal" grain does not exist, because it lacks an integer number of faces. Nonetheless, the value of e( N ) ≈ 5.254, so the excess free energy of an isotropic 3-d polycrystal may be expressed as
Kinetics of grain growth
If Eq. (8) is differentiated with respect to time, one obtains the rate of free energy dissipation for to grain growth, namely,
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where β ≈ 1.75. The individual terms in the summation appearing in Eq. 9 are valid for each grain in a polycrystal over the time periods between topological transformations, such as face disappearances and neighbor switchings. To evaluate the time rate of grain volume change we invoke capillary-driven grain boundary motion, known as "motion by mean curvature," which we write for any point on a curved grain face as the kinetic equation
where n is a unit normal on a grain face, M is the scalar mobility of the grain boundary (speed per unit capillary pressure), and H is the mean curvature. The total rate of volume change for a polyhedral grain, dV /dt, is easily formulated as the area integral over the faces,
Substituting the kinetic equation Eq. (10) into Eq. (11) yields
HdA. (12) Inserting the kinematic relationship for equicurved (spherical) faces relating H and K, viz., K = H 2 , into the kinetic form, Eq. (12), yields the desired form for the growth rate of an ANH,
The total integral of the Gaussian curvature over the faces of a grain, appearing as the righthand side of Eq. 13, may be found exactly by solving the Gauss-Bonnet theorem for the integral of the Gaussian curvature, f aces
Inserting Eq. 14 into Eq. 13 yields the kinetic law of growth for ANH's with unit separation between vertices.
ANH's with unit vertex separation length, λ = 1, exhibit a variation of dV /dt with topological class, N , shown plotted in Fig. 3 . The kinetic curve crosses zero at N ≈ 13.4, which separates the subpopulation of shrinking grains from the subpopulation of growing grains. Thus, grains with fewer than 13 faces, or contacting neighbors, tend to shrink, whereas those with 14 or more faces tend to grow. The maximum rate of shrinkage occurs for grains with 6 faces, whereas the growth rate increases monotonically for N ≥ 14. The overall kinetics of capillary-mediated grain growth in a polycrystal requires a continuous dynamic balance among shrinking and growing grains. Maintaining a dynamic population balance clearly requires the sporadic occurrences of topological events (neighbor switchings and vanishings) throughout the grain network. The current analysis, however, does not address the nature or frequency of these topological events. 
Conclusions
1. Average N -hedra (ANH's) are used to represent the topological space-filling properties and geometry of grains in a three-dimensional polycrystal.
2. The curvatures (both mean and Gaussian), total face areas, and volumes may be found from exact elementary formulas for all ANH's.
3. The total energy of an isotropic polycrystal may be expressed through the dimensionless ratio of the face area to the two-thirds power of the volume. This ratio was calculated using the exact geometric expressions alluded to in conclusion 2, and compared to recently published computer simulations in Fig. 2 . Agreement was found.
4. Using the average number of faces per grain derived by DeHoff, N ≈ 13.397, the total free energy of an isotropic polycrystal is found to be ∆E poly ≈ 2.63γ gb i V 2 3 i .
5.
The dissipation rate of the excess free energy stored in the grain boundaries is used to determine the volumetric growth rate. Grains with fewer than 14 sides shrink, whereas grain with more than 13 sides grow.
